Abstract-The paper considers an OFDMA scheme based on OQAM/FBMC and evaluates the interaction of the different users to one another under strong frequency selectivity or timing synchronization errors between users. More specifically, due to imperfect equalization, each user contributes to a distortion component in the received signal. Such a distortion affects both its assigned subcarriers as well as others'. The distortion analytical expression shows the relationship between the prototype pulses and the number of affected out-band subcarriers. Realistic study cases show that OQAM/FBMC is a suitable solution for OFDMA schemes, since distortion can be maintained at tolerable levels.
I. INTRODUCTION
In a multiple access channel, for example the uplink communication between users and base station in a cellular network, a number of transmitters share the available resources (bandwidth, time, . . . ) in order to convey their message to a common receiver. The idea behind Orthogonal Frequency Division Multiple Access (OFDMA) is to divide the system bandwidth into a set of orthogonal subcarriers that are dynamically assigned to the different users. Since users transmit on orthogonal channels, they do not interfere with one another. Smart allocation policies that take into account channel quality and throughput requirements can thus be designed to maximize the transmission sum-rate. Furthermore, if the number of subcarriers is high enough, the channel frequency response can be considered flat over each subband [1] , [2] .
In practical systems, however, the orthogonality among subcarriers is not perfect and multiple-access interference cannot be completely avoided. For example, the classic OFDMA scheme based on Cyclic Prefix (CP-OFDMA) is very sensitive to timing errors and carrier frequency offsets. Therefore, sophisticated algorithms should be provided to synchronize all users accessing the channel. Typically, this is not enough and further processing is needed to cancel the residual interference. The computational complexity is thus an issue in these schemes [2] .
An interesting alternative is offered by Filterbank Multiple Carrier (FBMC) modulations. Indeed, when the prototype pulses are ideal (i.e., they have perfect reconstruction properties, see [3] ) and the channel is perfectly equalized, the low side-lobe filters of FBMC guarantee a greater robustness to timing errors and frequency offsets than the CP-OFDMA approach. This means that there is hopefully no need for complex synchronization algorithms or interference cancellation techniques to achieve a reasonable level of orthogonality among subcarriers even when the prototype pulse is suboptimal and/or the channel equalization is only approximate [4] . This paper characterizes an FBMC-based OFDMA channel with a single tap per subcarrier equalizer. All channels are assumed to be highly frequency selective and/or there is no timing synchronization between users. Following the approach in [5] we derive an accurate approximation of the distortion caused by each user. Note that, as compared to [5] , the multiuser case presents some specific difficulties that arise from partitioning the subcarriers into user sets. Indeed, important properties of the involved operations (e.g., the Discrete Fourier Transform-DFT) do not hold if applied to portions-and not to the totality-of the spectrum.
The distortion analysis presented hereafter is thus a powerful tool to estimate the performance of an OFDMA channel based on FBMC. Specifically, we will show that the distortion generated by each user affects not only the users' subcarriers (in-band distortion) but also leaks into the band assigned to the adjacent users (out-band distortion). Interestingly, channel frequency responses and timing synchronization errors play a role only in the magnitude of the distortion. Conversely, the number of subcarriers where the out-band distortion is significant depends exclusively on the filterbank prototype pulses. Thus, if inter-user interference is to be avoided by placing guard-bands between them, the corresponding number of inactive subcarriers can be computed without any knowledge about the users' channels.
II. CHANNEL MODEL
We consider a multiple access channel based on Offset Quadrature Amplitude Modulation FBMC (OQAM/FBMC): the total number 2M of available subcarriers is partitioned into K disjoint subsets I k that are assigned to the corresponding users k = 1, . . . , K. Let A k = B k + jC k be the 2M × N s matrix gathering a block of N s multicarrier complex symbols for user k. For m ∈ I k , symbols [B k ] m,n and [C k ] m,n are modeled as real-valued, independent (across k, m and n) and identically distributed random variables, for all n = 1, . . . , N s . Conversely, [A k ] m,n = 0 for all m / ∈ I k , that is for all subcarriers not assigned to user k.
Assume that symbols in A k are transmitted over a perfect channel (noiseless and memoryless) with an OQAM/FBMC modulation. Also, denote by p N [n] and q N [n] the real-valued prototype pulses at the transmitter and receiver side, respectively. Both pulses have length N = 2M κ, with integer overlapping factor κ. Then, the output of the demodulator at the receiver side (see Fig. 1 ) is given by
where ⊗ stands for the Kronecker product and
In the definitions above we have introduced the diago-
and the
T . Furthermore, using the row-wise convolution operator ⊛, the matrices R(p N , q N ) and S(p N , q N ) are built according to
where J M is the M × M anti-identity matrix (all entries are zero except for those on the main anti-diagonal, which are set to one). Matrices P 1 and P 2 are the top half and the bottom half, respectively, of the 2M × κ matrix
Note that the m-th row of P is the m-th Type-I polyphase component of the prototype pulse
T is built similarly from the receiver pulse
It is well-known [3] , [5] , [6] that the transmitted symbols in A k can be perfectly reconstructed from the demodulated symbols in Y k (p N , q N ) by taking
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de-stag. This property holds, however, only if the matrices R(p N , q N ) and S(p N , q N ) satisfy the reconstruction constraints
where we have defined
, with I X the X × X identity matrix and 1 a column vector of 2M ones.
In practical systems, where channels are frequency selective and/or there exist timing synchronization errors, (1) does not serve anymore as a model for the demodulated symbols. Note that a delay is equivalent to a phase shift in the end-to-end channel frequency response and, thus, the two impairments are equivalent and can be treated as one. Keeping these considerations in mind, a more useful approximation for the receiver depicted in Fig. 1 
is [5]
where ( * ) ∈ {odd, even} and where
• the diagonal matrix W collects the 2M coefficients of a channel equalizer with a single tap per subcarrier; • the m-th entry of the diagonal matrix Λ H (r) k is the term corresponding to the m-th subcarrier of the r-th derivative of the channel frequency response H k (ω).
• the symbols in
are built as in (2) after substituting the receiver prototype pulse q N with its r-th derivative q Approximation (5) holds for large-enough M and when the prototype pulses p N and q N satisfy some mild assumptions that are specified in [5] . An example is depicted in Fig. 2 . Note that, for the sake of simplicity, we limit the approximation in (5) to the second order since further terms do not bring 2015 Prototype pulse defined by the PHYDYAS EU-funded project [7] with overlapping factor κ = 4: it is a good approximation of a prototype pulse satisfying the required assumptions.
a significant contribution to the analysis below. However, the approximation can be straightforwardly extended to any larger order.
III. DISTORTION ANALYSIS

A. Preliminary Considerations
In this section we will evaluate the distortion that is introduced when the transmitted symbols are estimated from the demodulated symbols in Z k (p N , q N ). More specifically, following (4) and for any m ∈ I k and any n = 1, . . . , N s , the chosen estimate for symbol ∈ I k , the distortion power at subcarrier m can be written as
Thus, we only need to compute the contribution of each user to the distortion at subcarrier m, namely ∈ I k (out-band distortion). Consequently, the expression derived hereafter is common to both cases and holds for both m ∈ I k and m / ∈ I k .
B. Distortion Expression
. Then, using (5), we can write
where W m and H (r) k,m are the m-th diagonal elements of the matrices W and Λ H (r) k , respectively. Consider now two prototype pulses p N [n] and q N [n] that satisfy the required assumptions together with the reconstruction constraints (3). Furthermore, assume that they are symmetric, meaning that, e.g.,
Then, after some algebra (the full proof will be given in the journal version of this paper, in preparation), the following result can be derived:
where the η x,y terms are given by equations (7) at the top of the next page. The new matrices used in the definition of the terms η x,y are: (8) It is worth remarking that the distortion of the single-user case decays as M −2 , as opposed to the multi-user case (6) where terms of order O(1) and O(M −1 ) also appear. This means that the interaction between users generate a distortion that is independent of the frequency selectivity of the channel and, thus, cannot be reduced by increasing the number of subcarriers. It is true, though, that the proportional number of distorted out-band subcarrier will decrease, as it will be clearer later.
1) Interpretation:
The distortion expression given by (6) and (7) can be easily evaluated with any numerical software. Nevertheless, it gives little intuition about the behavior of the distortion itself. The following remarks should be useful to grasp some more insight into the distortion generation mechanism. First of all, let us consider the classic equalizer
k,m for m ∈ I k . Then, as just mentioned, coefficients η 0,0 , η 0,1 and η 0,2 only contribute to the out-band distortion since they are identically null for subcarriers associated to user k. Besides, the terms corresponding to η 0,0 and η 0,1 in (6) decay slower than the other two. As a result, it is reasonable to expect that, for each user, out-band distortion is higher than the in-band one. Fortunately, however, this is true only for a reduced number of out-band subcarriers.
To prove the last claim, we manipulate the first term of η 0,0 , namely
and clarify its dependence on the prototype pulses and on the set I k , i.e. the set of subcarriers assigned to user k. The analysis of the other terms is not reported due to space constraints, but yields similar results.
In order to consider the simplest case, we fix the overlapping factor to κ = 1 and we choose the same pulse at both the transmitter and the receiver sides (i.e. q N [n] = p N [n]). Obviously, all previous assumptions about symmetry, smoothness and reconstruction capabilities still hold true. As a result, matrix
where
We will now show that η
is zero for most m / ∈ I k . Let us assume that I k = {m min , . . . , m max }, with 1 ≤ m min < m max ≤ 2M . Then, β k,n > 0 only if m min ≤ n ≤ m max and null otherwise. On the other hand, typical prototype pulses are low-pass filters and
is real), normally with m 0 taking integer values close to 2κ (see, e.g., [8] ). These two facts imply that most of the terms of the last sum in (9) are zero. More specifically, a careful inspection on the indices shows that η (6), thus showing that the distortion generated by each user leaks only into the first m 0 − 1 subcarriers on both sides of its assigned band. It is worth recalling that the number m 0 is characteristic of the employed prototype pulse.
IV. NUMERICAL ANALYSIS
In order to evaluate the degree of accuracy of the above results, we compare them with some simulation experiments obtained for a reasonable value of 2M . We consider a system with 2M = 128 subcarriers. The bandwidth assigned to each subcarrier is 15 kHz, which corresponds to a sampling frequency of 1.920 MHz (thus compliant with the LTE standard). The prototype pulse proposed by the PHYDYAS EU-funded project [7] , with an overlapping factor κ = 4 (see Fig. 2 ), is employed both at the transmitters (users' side) and at the receiver (base station side). The channels between each user and the base station are considered independent to one another and modeled according to either the ITU Extended Pedestrian A (EPA) model or the ITU Extended Vehicular A (EVA) model [9] . For subcarrier m assigned to user k (i.e. m ∈ I k ), the equalizer tap W m is set to the inverse of the channel coefficient H k,m . The number of users is set to two and the subcarriers are equally split among them (subcarriers 1-64 to user 1 and subcarriers 65-128 to user 2). The transmitted symbols are modulated according to a 4QAM constellation with power P s .
The selected pulse is characterized by the Fourier coefficients reported in Table I (with a real pulse we only need to specify the first half of the coefficients). Since the number of nonzero coefficients is as low as four, from the considerations above we expect that the distortion generated by each user leaks into very few out-band subcarriers. This is indeed what can be evinced from Fig. 3 , where the function P e,k (m)/P s [according to (6) ] is reported for both users and both channel models. Fortunately, not only the number of affected outband subcarriers is low, but also the distortion decreases very fast and takes a noticeable value only in the first out-band subcarrier. From Fig. 3 one also reads that the value of the in-band distortion is around −23 dB for both channels. Note that this is the upperbound value when measuring the performance of the system in terms of Signal-to-Noise-plus-Distortion Ratio (SNDR)
as we increase the signal to noise ratio P s /σ 2 , with P w (m) =
[n] the noise power at the filterbank output. This fact can be observed in Fig. 4 : the SNDR improves by a mere 6 dB when increasing P s /σ 2 from 20 dB to 40 dB. In particular, for P s /σ 2 = 40 dB, the SNDR is approximately 23 dB, which is in accord with Fig. 3 . Together with the theoretic curves (lines), Fig. 4 also reports the empirical ones (markers, averaged over 2000 multicarrier symbols), showing an excellent match.
V. CONCLUSIONS
In this paper we have investigated the performance of a frequency division multiple-access scheme based on OQAM/FBMC. The signal distortion, which is due to suboptimal synchronization and equalization under strong frequency selectivity and is inherent to the FBMC scheme even with perfect prototype pulses, has been formulated as a sum of user contributions. More specifically, it has been shown how each user contributes to the distortion in its assigned subcarriers and in few subcarriers on the sides of its spectrum. Since the out-band distortion depends on the prototype pulses and on the channel, the distortion expression given here can be used as a start point to optimize the pulses and the equalizer.
